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1  Introduction
Principles for evaluation of the risk associated
with a portfolio of investment projects within
a company are based on models that describe
potential changes in the factors that influence the
profit of the individual projects and the interac-
tion between these. Many different models are
described in the literature. Some approaches are
simple and may border towards the trivial, whilst
others are more involved and rely on advanced
stochastic models. During the last years it has
become popular to apply principles and theory
from the mathematics of finance (see e.g. [1] and
[2]). Analogy is drawn between investment in
securities on the one hand and investment in
projects on the other. Both situations are charac-
terised by the investment of an amount of money
at one or several points in time with the hope of
receiving larger sums of money at one or more
future points in time. Such analogy has its strong
and weak sides.

In this paper we describe an approach based on
what we call Risk-Adjusted Expected Net Pre-
sent Value (RAENPV) and contrast it to the more
common Net Present Value (NPV) with Risk
Adjusted Discount Rate. We also propose a way
of describing the uncertainty associated with the
cash flow of each individual candidate project in
a portfolio and how it interacts with each of the
other candidate projects. Our guiding principle
has been to establish an approach, which on the
one hand is not too narrow but on the other hand
avoids relying on complicated models that can-
not be justified because of lack of knowledge
about the future.

2  Evaluation of a Single
Project

2.1  Risk-adjusted Discount Rate
We shall first briefly comment in general terms
on an approach which is often used where a
project is rated according to its NPV calculated
using a risk-adjusted discount rate that reflects
the uncertainties in the cash flow. The approach
is usually based on variants of the Capital Asset
Pricing Model (CAPM). A thorough description
of CAPM may be found in [1]. A feature of this
approach is that high uncertainty in the cash
flow leads to a high risk-adjusted discount rate.
The approach is not without problems, even for
projects with a lifetime of one period only.
We mention some of the conditions that must
be satisfied:

• Investors have expectations about asset
returns that are normally distributed.

• Investors may borrow or lend unlimited
amounts of a risk-free asset.

• All projects (and parts of projects) can be
bought/sold in a perfect market.

Even stronger are the conditions that must be
satisfied if we want to use a risk-adjusted dis-
count rate for projects with a lifetime of more
than one period. Then it must be assumed that
the cash flow in one period is a deterministic
function of the cash flow in the previous period
plus a random variable that is independent of
what has happened in all previous periods.

2.2  Problems with the Use of a
Risk-adjusted Discount Rate
– Examples

In many situations it is not reasonable to assume
that the conditions mentioned in the previous
section are satisfied. We shall show by three
project examples what happens when these
conditions are not fulfilled. The examples are
stylised to visualise the effect of risk-adjusting
the discount rate. However, their basic features
are not unrealistic.

The cost of capital is assumed to be 12 %, and
we assume that the relevant risk-adjusted dis-
count rate has been found (using for example
CAPM type arguments) to be 13 % for all three
projects. All amounts are in millions of dollars.

Example 1:
We invest 98 in year 0 in building a VDSL access

network. There is uncertainty as to whether the

revenue from subscribers will commence in year

1 or 2. With probability 1/2 we receive a net

income of 13 in year 1. In the years 2, 3, … we

receive with probability 1 a yearly net income of

13. The uncertainty is thus whether the income

stream starts in year 1 or 2 (see Figure 1 where

the income that occurs with probability 1/2 is

hatched).

Situation A – Net income 13 in year 1:
The NPV becomes (13/1.12) / (1 – 1/1.12) – 98

= 10.3.

Situation B – Net income 0 in year 1:
The NPV becomes (13/1.122) / (1 – 1/1.12) – 98

= –1.3.
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Expected NPV: 1/2 × 10.3 + 1/2 × (–1.3) = 4.5

Expected NPV with risk-adjusted discount rate:

1/2 × (13/1.13) / (1 – 1/1.13) + 1/2 × (13/1.132) /

(1 – 1/1.13) – 98 = –3.8.

The method thus indicates that the project should

be rejected.

With probability 1/2 we receive a net income of 13

in year 1. In year 2 we sell the network to another

company for 13 / (1 – 1/1.12) = 121.3 (which is

the NPV at capital cost of the incomes received

with certainty in Example 1 from year 2 and

onwards; see Figure 3). We see that Example 3 is

financially equivalent to Example 1. We have only

replaced the income in year 2 with the NPV at

capital cost of the incomes we receive with cer-

tainty from year 2 and onwards.

Situation A – Net income 13 in year 1:
The NPV becomes 13/1.12 + 121.3/1.122 – 98

= 10.3.

Situation B – Net income 0 in year 1:
The NPV becomes 121.3/1.122 – 98 = –1.3.

Expected NPV:

1/2 × 10.3 + 1/2 × (–1.3) = 4.5.

Expected NPV with risk-adjusted discount rate:

1/2 × 13/1.13 + 121.3/1.132 – 98 = 2.8.

The method thus indicates that Example 3 should

be accepted.

Figure 1  Cash flow in
Example 1

Figure 2  Cash flow in
Example 2

Figure 3  Cash flow in Example 3
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Example 2:
We invest 63 in building an ADSL access network

in year 0. There is uncertainty as to whether the

ADSL technology will generate revenue for 4 or 5

years. With probability 1 we receive a net income

of 20 in the years 1, ..., 4. With probability 1/2 we

receive a net income of 20 in year 5. The uncer-

tainty is thus whether we receive an income in

year 5 (see Figure 2 where again the income that

occurs with probability 1/2 is hatched).

Situation A – Net income 20 in year 5:
The NPV is (20/1.12) × (1 – (1 – 1/1.12)5 / (1 –

1/1.12) – 63 = 9.1.

Situation B – Net income 0 in year 5:
The NPV is (20/1.12) × (1 – (1 – 1/1.12)4 / (1 –

1/1.12) – 63 = –2.3.

Expected NPV:

1/2 × 9.1 + 1/2 × (–2.3) = 3.4

Expected NPV with risk-adjusted discount rate:

1/2 × (20/1.13) × (1 – (1 – 1/1.13)5 / (1 × 1/1.13)

+ 1/2 × (20/1.13) × (1 – (1 – 1/1.13)4 / (1 – 1/1.13)

– 63 = 1.9.

The method thus indicates that Example 2 should

be accepted.
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These results are not reasonable. We see that the
projects in Example 1 and Example 3 are finan-
cially equivalent. The criterion for whether they
should be accepted or rejected should therefore
be the same. Either should both be accepted or
both be rejected. However, the expected NPV
with risk-adjusted discount rate is negative for
Example 1 and positive for Example 3. The
NPV method with risk-adjusted discount rate
thus implies that the project in Example 1 should
be rejected whilst the project in Example 3
should be accepted. Furthermore, when the dis-
count rate is set to capital cost, the project in
Example 1 gives a higher NPV than the project
in Example 2 for all statistical outcomes. Com-
mon sense thus implies that if the project in
Example 2 is accepted, then the project in Exam-
ple 1 should be accepted. The NPV method with
risk-adjusted discount rate implies, however,
that the project in Example 1 should be rejected

Example 3:
We invest 98 in a VDSL access network in year 0.

There is uncertainty as to whether the revenue

from subscribers will commence in year 1 or 2.
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whilst the project in Example 2 should be
accepted.

The examples demonstrate that any method
based on risk-adjusting the discount rate is
unable to differentiate correctly between differ-
ent risk structures. By risk-adjusting the discount
rate one tries to satisfy two masters. The discount
rate should reflect

• Capital cost (i.e. the rate of return which can
be achieved by alternative application of the
money which are tied up/released in the pro-
ject over time). This has nothing to do with
the risk of the project under consideration;

• The risk associated with the project

These two requirements are fundamentally dif-
ferent, and it is difficult to satisfy both by adjust-
ing the discount rate. The main reason to look
for an alternative approach is to be able to differ-
entiate between capital cost and risk.

2.3  Risk-adjusted Expected Net
Present Value

We shall now describe our suggested approach.
The expected NPV is calculated using capital
cost w as discount rate. The capital cost should
reflect the average expected rate of return for
alternative projects in the company and has
nothing to do with the risk associated with the
project under evaluation.

Then an amount is subtracted from the expected
NPV. This amount adjusts the Expected NPV
because of the risk of the project. The suggested
measure of utility of a project is

Expected NPV – α × risk (2.3.1)

where α is a parameter to be determined. In
financial theory the risk is traditionally ex-
pressed through the standard deviation of the
NPV. This is a reasonable measure for portfolios
of securities. Such portfolios consist of a number
of different securities, and the return is the sum
of the returns of the individual securities. The
central limit theorem in probability theory indi-
cates that this sum is approximately normally
distributed. Risk should reflect the down side of
the distribution of the NPV. However, the nor-
mal distribution is symmetric, so the standard
deviation expresses the down side as well as the
up side of the distribution. For individual invest-
ment projects in a company the assumption that
the NPV has a symmetric probability distribu-
tion is obviously unreasonable. The NPV will
often have a skewed distribution. As the stan-
dard deviation also reflects the up side of the
distribution, we may have a large standard de-
viation even if the risk of the project is small.

Therefore we choose to measure risk by using
the well-known concept Value-at-Risk at q
(VaRq). VaRq is defined as the q-point in the
probability distribution of the NPV (see Figure
4).

q is usually chosen to be 1 % or 5 %. The sug-
gested RAENPV then becomes

Expected NPV – α × (–VaRq) (2.3.2)

where the NPV is calculated using the capital
cost w as discount rate and where the parameter
α reflects how the company (or its shareholders)
weigh expected profit versus risk. We shall see
later that the term – α × (–VaRq) can be inter-
preted as the insurance premium the company is
willing to pay in order to be guaranteed against a
negative NPV.

We shall now show how we determine α. For a
perfect security market which contains a risk-
free asset it is established knowledge that the
substitution rate γ (price of risk) between ex-
pected return and risk (measured by the standard
deviation of the return) in equilibrium is the
same for all investors independent of their will-
ingness to take risk (see e.g. [1] chapter 6). The
value of γ can be obtained from stock exchange
data and is not specific for a particular industrial
sector. So for any investor an increment ∆σ in
risk needs to be compensated by an increment of
∆σ/γ in expected return. This is shown in [1] for
investments in a portfolio of securities where the
portfolio is sold after one period, but it seems
reasonable to use the same trade-off for multi-
period projects. It is reasonable to measure the
utility of an investment in a portfolio of securi-
ties by E – γσ where E is expected return and σ
is the standard deviation of the return.

Figure 5 shows the classical picture where the
dots represent securities in a diagram with the
standard deviation of the return along the horizon-
tal axis and the expected return along the vertical
axis. The lower curve – the opportunity set border
curve – limits all possible portfolios of securities.
The straight line which starts at the risk-free asset
and is tangent to the opportunity set border curve
is the so-called capital budget line.

Figure 4  Value-at-Risk

Prob. density

q

VaRq 0 NPV
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The point where the capital budget line touches
the opportunity set border curve represents the
market portfolio and is marked by a small square
in Figure 5. The upper curve in Figure 5 repre-
sents an indifference curve for an investor. The
point where this curve touches the capital budget
line, and which is marked by a small circle, rep-
resents the combination of the market portfolio
and the risk-free asset which is considered to be
optimal for this particular investor.

Figure 5 can be transformed to Figure 6 where
we have replaced the standard deviation of the
return by –Value-at-Risk for the NPV based on

a discount rate r and the expected return by the
expected NPV.

The rate of increase γ in Figure 5 has here been
transformed to the rate of increase α in Figure 6.
It can be shown (see the Appendix) that α is
independent of which discount rate r we
apply. We note further that the indifference
curve for any investor has rate of increase equal
to α at the point where it touches the trans-
formed capital budget line. That is, α represents
the optimal weighting between expected NPV
and –Value-at-Risk. As mentioned earlier, the
rate of increase γ can be found from capital mar-
ket data. The formula for calculating α from γ
is derived in the Appendix and is

(2.3.3)

where nq is the (1 – q)-point in the standardised
normal distribution.

Since the market portfolio can be regarded as
a yardstick, it is of interest to calculate the
RAENPV for the market portfolio. In the Ap-
pendix it is shown that it can be expressed as

(2.3.4)

where i is the internal rate of return for the mar-
ket portfolio.

A project should then be accepted if the
RAENPV is greater than this. That will be in the
interest of the shareholders. The project can then
be represented by a point in Figure 6 that lies
above the transformed capital market line. If the
project is considered as a new investment possi-
bility in the capital market, a larger opportunity
set, a new transformed capital market line, and
hence an improved market portfolio would arise.
In Figure 7 the new opportunity set, capital mar-
ket line, and market portfolio are indicated by
broken lines. The new market portfolio would
necessarily include the project.

An investment possibility represented by a point
underneath the transformed capital market line
might still improve the revised market portfolio
and thus be a profitable investment. This would,
however, be rather difficult to ascertain in gen-
eral. We therefore propose to be conservative
and leave to the planner the decision whether
a project with a negative RAENPV should be
accepted or not.

2.4  Analysis of the Examples Using
Risk-adjusted Net Present Value

We shall now apply our criterion on the three
examples described earlier where we assume
that a has been estimated to be 0.2 and that the
RAENPV of the market portfolio is very small.

Figure 7  Project with higher
risk-adjusted NPV than the
market portfolio

Figure 5  The capital budget line

Figure 6  Transformed capital
budget line
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In all three examples VaRq at capital cost is the
same whether q is 1 % or 5 % since the probabil-
ity distributions of the NPV are different from
zero for two values only, and for those values
the probabilities are equal to 50 %.

Example 1:
The expected NPV and VaRq with discount rate

equal to capital cost are 4.5 and –1.3 respective-

ly. The RAENPV becomes 4.5 – 0.2 × 1.3 = 4.24.

The project should therefore be accepted.

Example 2:
The expected NPV and VaRq with discount rate

equal to capital cost are 3.4 and –2.3 respective-

ly. The RAENPV becomes 3.4 – 0.2 × 2.3 = 2.94.

The project should therefore be accepted. We

see that the RAENPV is less than for the project

in Example 1, which is reasonable since the pro-

ject in Example 1 has a higher NPV at capital cost

than the project in Example 2 under both statisti-

cal outcomes.

Example 3:
The expected NPV and VaRq with discount rate

equal to capital cost are 4.5 and –1.3 respec-

tively. The RAENPV becomes 4.5 – 0.2 × 1.3 =

4.24. The project should therefore be accepted.

The RAENPV is the same as for the project in

Example 1, which is logical since the two projects

are financially equivalent.

2.5  Establishing the necessary Data
for Evaluation of a Single Project

The cash flow of a project is considered as a
stochastic process. For every realisation of the
process the NPV with capital cost as the dis-
count rate can be calculated. This NPV is thus a
random variable, and we propose the following
procedure for estimating its probability distribu-
tion.

1 Establish a finite set of alternative future sce-
narios and assign a subjective probability of
occurrence for each scenario.

2 For each scenario establish a pessimistic, an
optimistic and a most probable cash flow for
the project and calculate the NPV for each of
those three realisations.

3 For each scenario specify an interval around
the most probable realisation in which the
NPV supposedly will lie with probability 1/2.

4 Fit a Beta distribution to the NPV for each
scenario. Based on the mixture of these Beta
distributions using the scenario probabilities,
calculate the RAENPV.

Based on the resulting probability distribution of
the NPV N one can calculate project characteris-
tics like:

• Expected NPV (EN)
• Value at risk at q (VaRq(N))
• Standard deviation (σ(N))
• Risk-adjusted ENPV (EN – α(–VaRp(N)))

Example 4:
We assume a single scenario. Based on a de-

tailed analysis of the elements contributing to the

cash flow the pessimistic and the optimistic esti-

mates of the NPV for this scenario have been

evaluated to be –400 and 300 respectively, and

the most probable NPV is evaluated to be –100.

The NPV is assumed to lie in the interval (-200, 0)

with probability 1/2. (All figures are in mill. USD.)

The Beta distribution fit gives an expected NPV

equal to –82.5 with standard deviation 134.4. The

probability that the NPV is negative becomes 0.72

and VaR5% becomes –296. If α = .2, the

RAENPV becomes –82.5 – .2 × 296 = –141.7.

3  Evaluation of Project
Portfolios

3.1  Project Portfolio Alternatives
We shall consider the situation where we have
a series of mutually exclusive portfolio alterna-
tives. If we have n projects, there are in principle
up to 2n portfolio alternatives. In practice the
number of alternatives will be much lower. Typ-
ically, some projects can be started only if some
other projects are also started. Similarly there
may be projects that cannot be part of the same
portfolio. The planner must specify such restric-
tions, and a planning tool must facilitate the
specification of such restrictions.

3.2  Scenarios
We can specify scenarios for project portfolios
in two alternative ways:

• We can specify scenario alternatives across all
projects.

• We can specify scenario alternatives for each
individual project.

The two ways are in principle equivalent. If we
for each project p specify the mutually exclusive
scenarios , we can define
scenarios of the form
which run across projects. We shall in the sequel
assume that the scenarios are defined across the
projects.

∏
k(p)

(Si1

1
∩ S

i2

2
∩ L ∩ S

in

n
)

S1
p , K, Sk(p)

p
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3.3  Evaluation of a Portfolio of
Projects

The evaluation of a portfolio is done by a
straightforward generalisation of the approach
for a single project. Based on the probability dis-
tributions of the NPVs of the individual projects
and the correlations between them we can calcu-
late the same characteristics as for a single pro-
ject such as expected NPV, value-at-risk, stan-
dard deviation, and RAENPV.

In general one proceeds as follows:

• Establish a set of mutually exclusive scenario
alternatives. Which of these scenarios that
occurs should have a significant influence on
the NPV of the portfolio. Each scenario is
assigned a subjective probability of occur-
rence.

• For each scenario establish a pessimistic, an
optimistic and a most probable realization of
each project in the portfolio and calculate the
NPV for each of these realizations.

• For each scenario and each project in the port-
folio specify an interval around the most prob-
able realisation where it is assumed that the
NPV will lie with probability 1/2.

• For each scenario specify a matrix of correla-
tion coefficients between the NPVs of the
individual projects in the portfolio.

• For each scenario calculate the expectation
and the variance of the NPV of the portfolio,
and approximate the distribution of the NPV
by a suitable Beta distribution.

• Based on the mix of these Beta distributions
over the scenarios, calculate the wanted char-
acteristics of the portfolio’s NPV.

3.4  Establishing Covariances

3.4.1  General
Establishing correlation coefficients (or equiva-
lently, covariances) between the NPVs of all
pairs of projects in a portfolio is not trivial.
CAPM (see [1]) has an elegant solution to this
for portfolios of securities which are registered
on a stock exchange. Here it is only necessary
to establish the covariance between the portfolio

and the market portfolio. Unfortunately, the nec-
essary conditions are in general unrealistic, even
for portfolios of securities. For project portfolios
these conditions cannot be justified at all. How-
ever, in this case the number of covariances to
be estimated is considerably lower. In a security
market the investors can choose between hun-
dreds of securities so that there will be tens of
thousands of covariances. A portfolio of invest-
ment projects in a company will normally con-
sist of between 5 and 10 projects so that the
number of covariances will be less than 50. We
shall briefly discuss two approaches to estima-
tion of the covariance between two NPVs, name-
ly direct estimation and the use of independent
explanatory variables.

However, we should make note of the fact that
the RAENPV measure is approximately additive
in the sense that the RAENPV of a union of two
projects is approximately equal to the sum of the
RAENPV of the individual projects. The ex-
pected NPV is obviously additive. The same
is true for VaRq when q = 0 %, and the two pro-
jects are not totally negatively correlated. So for
q = 1 %, the approximation may not be too mis-
leading. For preliminary analyses we may thus
skip the correlation calculations altogether.

3.4.2  Direct Estimation
Here the planner estimates the covariances, or
rather the correlation coefficients, based on
experience and sound judgement. In order to
facilitate this a planning tool should enable the
planner to choose from a selection of preset cor-
relation coefficients as suggested in Table 1.

Example 5
Suppose that we have three projects A, B and C

with NPVs NA, NB and NC. We estimate the cor-

relation coefficients for all pairs of NPVs as given

in Table 2.

Not every table set up in this manner gives rise
to valid correlation matrices. A necessary, but
not sufficient, condition is that the matrix is pos-
itive semidefinite. Based on the distributions of
the NPVs it is also possible to establish lower
and upper bounds on the individual correlation
coefficients. This, however, is computationally
demanding and probably not worth the effort.
These bounds will very seldom lie in the interval
[–3/4,3/4], and total correlations (±T) will only

Description Total Large Medium Small None Small Medium Large Total
negative negative negative negative positive positive positive positive

Code –T –L –M –S N S M L T

Correlation –1 –3/4 –1/2 –1/4 0 1/4 1/2 3/4 1
coefficient

Table 1  Correlation codes
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Using (3.4.6) and (3.4.7) we can find an expres-
sion for cov(N1, N2). Analogously we may find
formulas for var Np for relevant portfolios p.

Example 6
N1 = 10V1 + V2
N2 = 2V1 – 3V2

where V1 is Beta distributed over (0,1) with

parameters µn1
= 3 and νn1

= 6, whilst V2 is Beta

distributed over (0,1) with parameters µn2
= 4 and

νn2
= 2, and where V1 and V2 are independent.

Then

We may approximate the distributions of N1 and

N2 by Beta distributions. The intervals are deter-

mined by:

aN1
= 0, bN1

= 11, aN2
= –3, bN2

= 2.

In order to find the parameters we normalize N1
and N2:

This gives

NB NC

NA M –L

NB –S

Table 2  Specification of
correlations

be used when the NPVs are linearly dependent.
Then the bounds will be –1 and +1 and thus be
without value.

If the planner has set up a correlation matrix
which is not positive semidefinite, the planning
tool should be able to suggest a modified corre-
lation matrix which is positive semidefinite.

3.4.3  Use of Independent Explanatory
Variables

We assume that we can write the NPVs N1 and
N2 for two investment projects 1 and 2 as func-
tions of F independent random variables V1, V2,
..., VF with known distributions:

Np = Np(V1, V2, ..., VF) for p = 1,2. (3.4.1)

The V-s are explanatory variables which deter-
mine e.g. equipment costs, total markets, and
market shares. Furthermore, we assume that the
functions Np can be approximated by generalised
polynomials:

(3.4.2)

where i1, ..., iF may take a finite number of inte-
ger values which are not necessarily positive.
We are then able to calculate the covariance
between N1 and N2:

cov(N1, N2) = E(N1N2) – EN1EN2 (3.4.3)

where

(3.4.4)

and

(3.4.5)

such that

(3.4.6)

We assume furthermore that Vf is normalized to
lie between 0 and 1 and is Beta distributed with
parameters µf and νf. Then

(3.4.7)

Np(V1, V2, K, VF ) ≈

∑

i1,K,iF

α
p

i1KiF
V

i1
1

KV
iF

F

E(N1N2) =

∑

i1,K,iF

j1,K,jF

α
1
i1KiF

α
2
j1KjF

EV
i1+j1
1 KEV

iF +jF

F

EN1EN2 =

∑

i1,K,iF

j1,K,jF

α
1

i1KiF
α

2

j1KjF
EV

i1
1

EV
j1
1

KEV
iF

F EV
jF

F

cov(N1, N2) =
∑

i1,K,iF

j1,K,jF

α1

i1KiF
α2

j1KjF

(EV
i1+j1
1 KEV

iF +jF

F − EV
i1
1 EV

j1
1 KEV

iF

F EV
jF

F )

EV i
f =

Γ(µf + νf )Γ(µf + i)

Γ(νf )Γ(µf + νf + i)

EV1 =
6

3 + 6
=

2

3
, EV2 =

2

2 + 4
=

1

3

varV1 =
3 × 6

(3 + 6)2(3 + 6 + 1)
=

1

45
,

varV2 =
4 × 2

(4 + 2)2(4 + 2 + 1)
=

2

63
,

cov(N1, N2) = cov(10V1 + V2, 2V1 − 3V2)

= 20varV1 − 3varV2 =
22

63

EN1 = 10EV1 + EV2 = 7,

EN2 = 2EV1 − 3EV2 =
1

3

varN1 = 100varV1 + varV2 =
142

63
,

varN2 = 4varV1 + 9varV2 =
118

315
.

Ñ1 =
N1

11
, EÑ1 =

7

11
, varÑ1 =

142

7623
,

Ñ2 =
N2 + 3

5
, EÑ2 =

2

3
, varÑ2 =

118

7875
.
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4  Extension to Options

4.1  A Single Project
We shall first focus on the analysis of a single
project. We consider a Project A that we may
start at some future time T. Between current time
T0 and time T we may receive information which
can influence our decision whether to launch
Project A or not. If, for example, this project
competes with an alternative Project B with
launching time T0, we must consider the value of
the option of not starting Project A that we will
have at time T. If the information we receive
during the time interval [T0,T] implies that the
probability that the project will be profitable is
unacceptably low we will at time T exercise the
option of not starting the project. This should in
general give a higher utility of the project than
what we would get if we base the analysis
merely on estimates of the cash flow of the pro-
ject as seen at time T0. What is required, how-
ever, is the probability distribution of the addi-
tional information as seen at time T0.

Here we shall limit ourselves to describing a dis-
crete options model where the additional infor-
mation that we receive in [T0,T] relevant for the
project in question is an adjustment of the proba-
bility of occurrence of the individual scenarios.
We thus assume that we do not receive any addi-
tional information that is sufficiently significant
to warrant a change in the Beta distributions for
the individual scenarios. This may seem to be a
severe limitation. It is, however, mitigated some-
what by the possibility of splitting a scenario
where we would like to change the NPV distri-
bution into two or more subscenarios.

We define λm to be the probability at time T0
that we at time T are in situation m amongst M
alternative situations. Situation m is character-
ized by a probability distribution over the differ-
ent scenarios. The RAENPV for scenario i is ni.
All ni are assumed to be known. So the uncer-
tainty at time T is reduced to the question as to

which situation that will occur. Let n be the
RAENPV of the market portfolio. The overall
RAENPV n for the project becomes

(4.1.2)

4.2  Portfolios
We now proceed to the analysis of portfolios of
projects where each project has a starting date
some time in the future and where information
received before the starting date may indicate
that it is not profitable to start the project.

Again we shall limit ourselves to describing a
discrete options model where the additional
information that we receive before the possible
start of a project in the portfolio is an adjustment
of the probability of occurrence of the individual
scenarios. We enumerate all the projects accord-
ing to increasing starting time: P1, P2, ..., and we
want to decide whether to start project P1. We
shall approach this problem using dynamic pro-
gramming. We let Dp denote a partial portfolio
of projects amongst P1, ..., Pp, and we denote by
m’ a situation at the starting time for project
Pp+1. We assume that we for all such partial
portfolios Dp and all m’ know the partial port-
folio Dp’(m’) amongst the projects Pp+1, Pp+2 ...
which together with Dp yield the portfolio
Dp ∪ Dp’(m’) with highest RAENPV.

We now assume that we have decided on a par-
tial portfolio Dp-1 amongst the projects P1, ...,
Pp-1, that we are in situation m, and that we face
the decision whether to start project Pp. We now
consider two cases1):

(i) We start project Pp. Then we form the partial
portfolio Dp = Dp-1 ∪ Pp. The probability of
being in situation m’ at the starting time for
project Pp+1 is assumed to be known and
equal to          . The portfolio Dp ∪ Dp’(m’)
with the highest RAENPV n(Dp, m’) in situ-
ation m’ is known, and the RAENPV
becomes

(4.2.1)

(ii) We do not start project Pp. The portfolio
Dp-1 ∪ Dp’(m’) with highest RAENPV
n(Dp-1, m’) in situation m’ is known, and the
RAENPV becomes 

(4.2.2)

1) Note that in many situations we cannot choose whether we should start project Pp or not. It may happen that Pp either is not compatible with Dp-1
or that Pp is a necessary consequence of Dp-1. This contributes to a reduction of the number of possible portfolios and thus the time required for the
necessary calculations.

µN 1
=

(7/11)(1 − 7/11)2

142/7623
− (1 − 7/11) = 4.15,

νN 1 =
(7/11)2(1 − 7/11)

142/7623
− 7/11 = 7.27

µN 2
=

(2/3)(1 − 2/3)2

118/7875
− (1 − 2/3) = 4.61,

νN 2 =
(2/3)2(1 − 2/3)

118/7875
− 1/3 = 9.55.

n =

∑

m

λ
m

n
m

.

λ
mm
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p
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λmm
′

p
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λmm
′

p
n(Dp−1, m

′)
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If (4.2.1) is larger than (4.2.2), we choose to
start project Pp. If (4.2.1) is less than or equal
to (4.2.2) we choose not to start project Pp. For
every partial portfolio Dp-1 of the projects P1, ...,
Pp-1, and every situation m at the start time for
project Pp, we thus know the partial portfolio
Dp-1’(m) of the projects Pp, Pp+1 ..., which
together with Dp-1 yield the portfolio Dp-1 ∪
Dp-1’(m) with highest RAENPV n(Dp-1, m).

This then forms the basis for a dynamic pro-
gramming algorithm for finding the project port-
folio with the highest RAENPV. The input we
need in addition to what we have discussed ear-
lier is the Markov chain matrices
where            is the probability of being in situa-
tion m’ at the starting time of project Pp+1 given
that we are in situation m at the starting time of
project Pp.

To get going we start with the project Pn with
the latest starting time and then work our way
backwards in time:

For every partial portfolio Dn-1 of projects from
P1, ..., Pn-1, and every situation m at the starting
time for project Pn we consider two cases:

(i) We start project Pn, form the portfolio Dn =
Dn-1 ∪ Pn and calculate the RAENPV n(Dn).

(ii) We do not start project Pn, put Dn = Dn-1 and
calculate the RAENPV n(Dn).

If the RAENPV we calculated in (i) is greater
than the RAENPV we calculated in (ii), we
choose to start project Pn. If the RAENPV we
calculated in (i) is less than or equal to the
RAENPV we calculated in (ii), we choose not to
start project Pn. For every partial portfolio Dn-1
from the projects P1, ..., Pn-1, and every situation
m at the starting time for project Pn we thus
know whether it is profitable or not to start pro-
ject Pn and can therefore for every situation m
establish the extension of the partial portfolio
Dn-1 to a complete portfolio with the highest
RAENPV. The set of relevant situations may
of course vary from one project starting point
to the next.

Example 7
We assume that we have five situations S1, ...,

S5, and three projects P1, P2 and P3 with startup

times t1 < t2 < t3. At t1 we are in situation S1.

We assume that the transitions between the situ-

ations are as depicted in Figure 8.

The transition probabilities are given in Table 3.

Figure 8  Situation transitions

S2 S3 S4 S5

S1 1/2 1/2

S2 2/3 1/3

S3 1/3 2/3

Table 3  Transition
probabilities

P1 P2 P3

S1 1

S2 –5/4

S3 1/4

S4 5/2

S5 –1/2

Table 4  RANPVs for the
individual projects

S5

S4

S3

S2

S1

t1 t1 t1

The RANPVs of the three projects in the relevant

situations are given in Table 4.

We assume further that P3 cannot be started if P2
is not started. Thus the possible portfolios are Ø,

P1, P2, P1 ∪ P2, P2 ∪ P3, P1 ∪ P2 ∪ P3. We

want to know whether we shall start project P1 at

time t1. We also make use of the approximate

additivity of RAENPV mentioned in 3.4.1. We

shall fill in Table 5 where the entries are to be

interpreted as RAENPVs disregarding contribu-

tions from projects started earlier in time, and

optimal decisions are made at later points in time.

From Table 4 we see that we at time t3 start pro-

ject P3 in situation S4 whilst we do not start pro-

ject P3 in situation S5. Thus the rightmost column

in Table 5 is easily established.

If we do not start P2, the tail RAENPV becomes 0.

If we start P2 in S2, the expected tail RAENPV

becomes –5/4 + 2/3 × 5/2 = 5/12.

If we start P2 in S3, the expected tail RAENPV

becomes 1/4 + 1/3 × 5/2 = 13/12.

If we do not start P1, the expected RAENPV

becomes 1/2 × 5/12 + 1/2 × 13/12 = 3/4.

Λp = (λmm
′

p
)

λ
mm

′

p
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If we start P1, the expected RAENPV becomes

1 + 1/2 × 5/12 + 1/2 × 13/12 = 7/4.

Thus we conclude that project P1 should be

started.

We thus have

EA = (1 + r)ENr
M + r. (A4)

Let aq be the q-point in the distribution of A.
Then

(A5)

such that

(A6)

We can estimate aq based on the empirical distri-
bution of A by using the q-point in this distribu-
tion. Since the return of the market portfolio is
a weighted sum of the returns of the individual
securities that constitute the portfolio we may
alternatively permit ourselves to assume that A
is normally distributed N(EA, σA). Then we can
establish the following relation

q = P(A ″ aq)

(A7)

which gives

(A8)

where –nq is the q-point in the standardized nor-
mal distribution. (A8) can be written as

aq = EA – nqσA. (A9)

This gives further

(A10)

which gives the following expression for σA:

(A11)

The capital market line is given by:

EA = f + γσA (A12)

where f is the risk free interest rate. γ reflects
how the market portfolio balances expected
return against risk2).

2) A new investment possibility that lies above the capital market line will be included in the market portfolio and thus alter it. The investment will there-
fore be considered profitable in a perfect capital market. (An investment possibility below the capital market line could also be profitably included in
the market portfolio, but this is considerably more difficult to ascertain.)

P1 P2 P3

S1 7/4

S2 5/12

S3 13/12

S4 5/2

S5 0

Table 5  RANPVs for the tail
portfolios

5  Conclusion
We have argued that it makes more sense to
evaluate portfolios based on a utility measure
that balances expected net present value at capi-
tal cost against value-at-risk, rather than to use
a risk-adjusted discount rate. The concepts used
are fairly simple, and the approach can readily
be implemented in a spreadsheet tool that calcu-
lates the total utility of all relevant portfolio can-
didates and ranks them according to decreasing
total utility. We believe that the output of such a
tool will be useful for the planners responsible
for portfolio analysis and investment recommen-
dations.

Appendix:
Risk-Adjusted Expected NPV 
– Detailed Analysis

A1  The Market Portfolio
We consider a suitable market portfolio M and
operate with a fixed period length which we for
simplicity set equal to one year. At the begin-
ning of the year we buy for one dollar worth of
the market portfolio and sell it at the end of the
year for W dollars. The rate of return A is then
given by

(A1)

The NPV Nr
M with discount factor r then

becomes

(A2)

with expected value

(A3)

A =
W − 1

1
= W − 1.

N
M

r
=

W

1 + r
− 1 =

A − r

1 + r
.

EN
M

r
=

EA − r

1 + r
.

q = P(A ≤ aq) = P

(
A − r

1 + r
≤

aq − r

1 + r

)

= P

(
N

M
r ≤

aq − r

1 + r

)

VaRq(N
M
r ) =

aq − r

1 + r
.

= P

(
A − EA

σA

≤
aq − EA

σA

)

aq − EA

σA

= −nq

VaRq(N
M
r ) =

EA − nqσA − r

1 + r

= EN
M
r −

nqσA

1 + r

σA =
1 + r

nq

(
EN

M
r − VaRq(N

M
r )

)
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From (A9) we see that 

EA = aq + nqσA (A13)

We assume that the market portfolio is not risk
free, in other words that aq < f. (A12) og (A13)
then imply that the coefficient of substitution γ
between return and risk is less than nq. (A12)
gives the following expression for γ:

(A14)

By substituting (A4) and (A11) into (A12) we
get an analogous ‘capital market line’ which ties
together ENr

M and VaRq(Nr
M):

(A15)

or

(A16)

where                       . This is meaningful since

γ < nq.

α represents the balancing of expected NPV
against risk. We observe that α is independent
of r.

A2  The Profitability of a Project
We propose to measure the profitability of a pro-
ject by balancing the expected NPV against the
value-at-risk where α is used as the weighting
coefficient. Thus we choose to let the company’s
willingness to take risk be the same as for the
market portfolio. The expected NPV and the
value at risk depend on the choice of discount
rate. We suggest the use of the company’s esti-
mated average capital cost as a value for r. It
represents the average return on investment
within the company and is thus a good estimate
of what the company may obtain through an
alternative use of the money. (We are not dog-
matic here. Other considerations may cause the
choice of another discount factor.) Thus the
profitability of a project P is measured by the
risk-adjusted expected NPV (RAENPV) given
by

ENr – α (–VaRq(Nr)). (A17)

The definition (2.3.2) together with (A16) gives
that the RAENPV of the market portfolio is

(A18)
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